The Aztec diamond was extensively studied in both graph theory and statistical physics. Knuth obtained a formula of the number of spanning trees of the Aztec diamond with the constrained boundary condition, which solved a conjecture posed by Stanley in 1994. In this paper, We give the formulae of the energy and the number of spanning trees of the Aztec diamond with the toroidal boundary condition.
Introduction
The Aztec diamond of order n with the constrained boundary condition, denoted as AD n , is defined to be the graph whose vertices are on the white squares of a (2n + 1) × (2n + 1) chessboard with black corners, and whose edges connect precisely those pairs of white squares that are diagonally adjacent ( Fig. 1(a) illustrates AD 4 ) [4] . Ciucu [3] called the graph the odd Aztec diamond of order n whose vertices are on those remaining black squares and whose edges connect exactly those pairs of black squares that are diagonally adjacent, and marked it for OD 4 (Fig. 1(b) illustrates OD 4 ), while he called the previous Aztec diamond as an even Aztec diamond of order n.
Elkies et al. [4] proved that the Aztec diamond AD n of order n contains exactly 2 n(n+1)/2 perfect matchings. This result was also proved by many authors (see for example [8, 1, 2, 9, 10, 6] ). Stanley [11] conjectured that the even Aztec diamond AD n has exactly four times as many spanning trees as the odd Aztec diamond OD n . This conjecture was first proved by Knuth [7] . Knuth proved that the number of spanning trees of AD n t(AD n ) = 4
Ciucu [3] also gave an new method to prove this conjecture. From this formula, we can get the tree entropy of AD n (defined by the statistical physicists) as Relative to Aztec diamond AD n with constrained boundary condition, the Aztec diamond with the toroidal boundary condition of order n, denoted by AD The adjacency matrix A(G) of a graph G with vertex set {V i |i = 1, 2, . . . , n} is an n × n matrix A = (a ij ) n , where a ij = k, if there are k edges between vertex V i and V j . Suppose λ 1 , λ 2 , . . . , λ n , where λ 1 ≤ λ 2 ≤ · · · ≤ λ n , are the eigenvalues of the adjacency matrix A(G). The energy of the graph G, denoted by E(G), is defined as [5] : In this paper, we give the formulae of the energy and the number of spanning trees of the Aztec diamond with the toroidal boundary condition. We also get the relation between the tree entropy of Aztec diamonds with constrained boundary conditions and toroidal boundary conditions.
Some lemmas
Yan et al. [12] have proved the following lemma: 
,
is a primitive nth root of unity, and superscript T denotes transposition.
A direct consequence of Lemma 2.1 is the following:
be a block circulant matrix over the real number field, where both A and R are r × r matrices. Then B satisfies
where
. . , n − 1, ω is a primitive nth root of unity, and superscript T denotes transposition.
The energy of Aztec diamonds Theorem 3.1. Suppose that AD t n is an Aztec diamond of order n with the toroidal boundary condition. Then the energy of the graph E(AD
Proof. First we consider the case of n = 1. Notice that the adjacency matrix is 
By Corollary 2.2, we have
where I 2n is the identity matrix of order 2n, ω is the nth root of unity. Note that
is also a block circulant matrix, where
where I n is the identity matrix of order n, I n ⊗ M 2 denotes the tensor product of two matrices I n and M 2 , and 
Note that 
So the characteristic polynomial of A(AD t n ) is the following
Then we can get the 2n 2 eigenvalues of A(AD t n ):
where 0 ≤ j, k ≤ n − 1. The theorem is immediate from Eq. (3.2). Firstly, we consider the case of n = 1. We know that the Laplacian eigenvalues are :
then the number of spanning trees: 
where (j, k) ̸ = (0, 0). = e 3.3324n 2 .
Corollary 4.2. Suppose AD t n is an Aztec diamond with toroidal boundary condition of order n and t(AD

Conclusion
The formulae of the energy and the number of spanning trees of the Aztec diamond with toroidal boundary condition are given in the above sections in Eqs. (3.1) and (4.1). Furthermore, from Eqs. (1.1) and (4.2), we can conjecture that both the entropies of the Aztec diamonds with constrained and toroidal boundary conditions are the same.
